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Building on an analogy with ordinary scalar field theories, an ε-expansion for rank-3 tensorial
group field theories with gauge invariance condition is introduced. This allows to continuously
interpolate between the dimension four group SU(2)×U(1) and the dimension three SU(2). In the
first situation, there is a unique marginal ϕ4 coupling constant, but in contrast to ordinary scalar
field theory this model is asymptotically free. In the SU(2) case, the presence of two marginally
relevant ϕ6 coupling constants and one ϕ4 super-renormalizable interaction spoils this interesting
property. However, the existence of a non-trivial fixed point is established in dimension 4 − ε,
hence suggesting that the SU(2) theory might be asymptotically safe. To pave the way to future
non-perturbative calculations, the present perturbative results are discussed in the framework of the
effective average action.
I. INTRODUCTION
Group Field Theory (GFT) [1–4] is a general formalism aiming at completing the definition of the dynamics
of Loop Quantum Gravity (LQG) [5–9], either from a covariant perspective as was historically proposed and
since then has been the main line of investigation [10, 11], or directly from the canonical picture as was
more recently suggested [12, 13]. An alternative but related approach to the same question relies on lattice
gauge theory methods [14–17]. In both Wilson’s renormalization group is central, first to consistently define
the theory, and at a later stage to explore its phase structure. In the long run, we hope to understand the
effective, low energy limit of LQG, and be in a position to check whether Einstein’s gravity is reproduced or
not.
Mathematically speaking, GFTs are quantum field theories defined on group manifolds, and with a peculiar
type of combinatorially non-local interactions. Thanks to recent breakthroughs in the closely related field of
tensor models [18–20], the usual quantum field theory tools are currently being generalized to GFTs which
increasingly resemble LQG. These developments include first and foremost perturbative renormalization [21–
28], but also constructive results [29–31], and generalizations of the usual functional renormalization group
(FRG) methods [32, 33].
In this paper we continue our exploration of tensorial GFTs (TGFTs) with gauge invariant condition [24,
25, 34]. These are GFTs combinatorially inspired by tensor models [35, 36], but with a loop quantum gravity
flavour at the group–theoretic level: the so–called closure constraint, present in all spin foam models [37–40],
is implemented. Among TGFTs already known to be perturbatively renormalizable, the rank-3 SU(2) model
first introduced in [25] is arguably the closest to loop quantum gravity: technically because its boundary
states are SU(2) spin networks; and conceptually because, except for its Laplace-type propagator, all its
other ingredients can be understood as arising from the GFT quantization of peculiar cellular discretizations
of 3d Euclidean gravity.
In [41], a discrete version of Wilson’s renormalization was applied to the study of the Gaussian fixed point
of this model. It was proven that, despite the domination of wave–function renormalization over vertex
renormalization, positive perturbations of its two ϕ6 interactions are incompatible with asymptotic freedom.
A natural question to investigate is therefore that of the existence of non-trivial fixed points, which might
provide a natural UV completion of this model. This is a difficult task, which can only be fully understood
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2with non-perturbative methods such as the FRG. In this paper, we will stay at the perturbative level, but
will invoke an ε-expansion similar to [42, 43] to forecast the qualitative properties of the SU(2) model. As
we will argue below, this might be interesting per se. But in the spirit of our previous works on this topic,
we primarily view this type of study as an opportunity to develop the GFT framework further, and thus
make new technical tools available for future investigations in the physical four–dimensional context.
The plan of the paper is as follows. Section II introduces the necessary background on rank-3 TGFTs with
gauge invariance condition. In section III we focus on a ϕ4 renormalizable model on the four–dimenional
group SU(2)×U(1). Using the language of the effective average action [44, 45]1, we prove it asymptotically
free. In section IV we analytically continue the dimension of the U(1) factor so as to formally define the
theory on a group of dimension 4 − ε. Just like in ordinary scalar field theory on a Euclidean space of
dimension 4− ε, we prove the existence of a non–trivial fixed point at a distance of order ε from the origin,
with one relevant direction less than the Gaussian fixed point. Finally, in section V, we recast some of the
results of [41] about the SU(2) model in the continuous language of the effective average action, and we
provide some perspectives for the future. Note that we will spare the reader with unnecessary technical
details, all of which can be found in more or less ready-to-use form in [25, 34, 41].
II. RANK-3 TENSORIAL GROUP FIELD THEORY WITH GAUGE INVARIANCE
A. Definitions
In order to introduce the type of models we will be concerned with in the following, let G be a compact
Lie group of dimension D. A rank-3 complex GFT over this group is a quantum field theory for a (complex)
field ϕ(g1, g2, g3), with gℓ ∈ G.
The tensoriality criterion is a restriction on the type of interactions we allow in this theory. We require
the interaction part of the action Sint to be a sum of connected tensor invariants. They are given by specific
convolutions of the elementary fields ϕ and ϕ which are in one-to-one correspondence with connected 3-
colored graphs. Such a graph is made out of two types of nodes (black or white), and three types of edges
(of color ℓ ∈ {1 , 2 , 3}), with the following rules: a) only nodes of different types can be connected by an
edge (i.e. the graph is bipartite); b) to each node is hooked exactly one edge of each color. Such graphs are
also called bubbles. Finally, to each bubble b is associated a unique tensorial invariant Ib(ϕ, ϕ) as follows:
each white (resp. black) node corresponds to a field ϕ (resp. ϕ); and an edge of color ℓ between two fields is
understood as a convolution of their ℓth arguments. As an example, the invariant associated to the bubble
b represented in Figure 1 is:
Ib(ϕ, ϕ) =
∫
[dgi]
6 ϕ(g6, g2, g3)ϕ(g1, g2, g3)ϕ(g1, g4, g5)ϕ(g6, g4, g5) , (1)
where dgi is the Haar measure associated to the variable gi.
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FIG. 1: A four-valent bubble b.
1 See also [46] for an introduction to FRG methods, among other advanced aspects of renormalization.
3The action S is then assumed to be of the form:
S(ϕ, ϕ) = Sϕ(ϕ, ϕ) + S
int(ϕ, ϕ) , (2)
where
Sϕ(ϕ, ϕ) = −
∫
[dgℓ]
3 ϕ(g1, g2, g3)
(
3∑
ℓ=1
∆ℓ
)
ϕ(g1, g2, g3) , (3)
Sint(ϕ, ϕ) =
∑
b
tbIb(ϕ, ϕ) , (4)
and ∆ℓ is the Laplace–Beltrami operator acting on the ℓ
th variable of the field. The coupling constants tb
are more over chosen so as to guarantee the invariance of the theory under arbitrary permutations of the
color labels1. Note that we included the mass term in Sint.
The last ingredient is the gauge invariance condition. It is a symmetry of the field under simultaneous
translation of its arguments:
∀h ∈ G , ϕ(g1, g2, g3) = ϕ(g1h, g2h, g3h) , (5)
which at the level of the amplitudes introduces a discrete G-connection, hence its (somewhat misleading)
name. Because there exists no well–defined Lebesgue measure on the space of invariant fields, this constraint
is combined with the kinetic action Sϕ to yield a (degenerate) Gaussian measure on the space of non–invariant
fields. The theory is thus formally defined by the partition function:
Z =
∫
dµC(ϕ, ϕ) exp
(−Sint(ϕ, ϕ)) , (6)
where µC is the Gaussian measure of covariance:
C(g1, g2, g3; g˜1, g˜2, g˜3) =
∫ +∞
0
dα
∫
dh
3∏
ℓ=1
Kα(gℓhg˜
-1
ℓ ) , (7)
and Kα is the heat-kernel at time α on G. This is the usual Schwinger representation of the propagator,
with an additional gauge averaging over the group which projects onto the space of invariant fields (5).
B. Renormalizability and canonical dimensions
A general power–counting theorem for TGFTs with gauge invariance condition was first derived in [24, 25],
with the help of older results [47]. A classification of potentially renormalizable models could thus be deduced,
in terms of the rank d of the fields, the dimension D of the group and the maximal valency of renormalizable
interactions vmax. For d = 3, there are exactly two possibilities:
• a ϕ6 model in D = 3;
• a ϕ4 model in D = 4.
1 This is not necessary as far as the consistency of the field theory is concerned, but is very natural from the point of view of
discrete geometry and gravity.
4This is very reminiscent of scalar field theories on Euclidean space-times, for which exactly the same thing
occurs provided that D is understood as the space-time dimension.
In [41], appropriate scalings of the coupling constants tb in equation (4) were deduced from the power–
counting theorem. In order to systematically take them into account we introduced the notion of canonical
dimension db of a coupling constant tb, which when d = 3 is defined as:
db = [tb] = D − (D − 2)Nb
2
. (8)
Just like in ordinary space-time based field theories, this dimension provides a simple criterion to determine
the relevant directions in the vicinity of the Gaussian fixed point: renormalizable coupling constants must
have positive or zero canonical dimensions, while non-renormalizable interactions come with a strictly nega-
tive canonical dimension. In the Wilsonian approach, it is important to introduce dimensionless parameters:
tb = ubµ
db , (9)
where µ is an appropriately chosen scale. In the following sections, this role will be played by the infrared
floating cut-off scale of the effective average action.
III. ASYMPTOTICALLY FREE MODEL ON SU(2)× U(1)
A. The model and its β-functions in the ultraviolet region
In this section we consider the rank-3 TGFT based on the group G = SU(2) × U(1). In addition to the
mass, there is only one marginally relevant ϕ4 coupling constant on such a dimension 4 group. We therefore
parameterize the bare theory at cut-off scale Λ by:
ZΛ =
∫
dµCΛ(ϕ, ϕ) exp
(−SintΛ (ϕ, ϕ)) , (10)
SintΛ (ϕ, ϕ) = Λ
2u2,ΛS2(ϕ, ϕ) +
u4,Λ
2
S4(ϕ, ϕ) , (11)
CΛ(g1, g2, g3; g˜1, g˜2, g˜3) =
∫ +∞
Λ−2
dα
∫
dh
3∏
ℓ=1
Kα(gℓhg˜
-1
ℓ ) , (12)
where S2 contains the mass term and S4 is the sum of all ϕ
4 interactions (that is three bubbles of the type
shown in Figure (1)):
S2(ϕ, ϕ) =
∫
[dg]3 ϕ(g1, g2, g3)ϕ(g1, g2, g3) , (13)
S4(ϕ, ϕ) =
∫
[dg]6 ϕ(g1, g2, g3)ϕ(g1, g2, g4)ϕ(g5, g6, g3)ϕ(g5, g6, g4) + two color permutations . (14)
We now introduce our renormalization scheme, based on the effective average action. In this approach the
UV cut–off can be assumed large and fixed, and will eventually be removed. The scale parameterizing the
flow is an infrared scale k, which we will assume small as compared to Λ. But since we are interested in the
UV behavior of the theory, we must also require k to be large, and hence we assume:
1≪ k ≪ Λ . (15)
We then introduce a functional Γ˜k, implicitly defined by:
exp
(
−Γ˜k(ϕ, ϕ)
)
=
1
N kΛ
∫
dµCk
Λ
(φ, φ) exp
(
−SintΛ (ϕ+ φ, ϕ+ φ) + φ ·
δΓ˜k
δϕ
(ϕ, ϕ) + φ · δΓ˜k
δϕ
(ϕ, ϕ)
)
(16)
5where
CkΛ(g1, g2, g3; g˜1, g˜2, g˜3) =
∫ k−2
Λ−2
dα
∫
dh
3∏
ℓ=1
Kα(gℓhg˜
-1
ℓ ) , (17)
N kΛ =
∫
dµCk
Λ
(φ, φ) exp
(−Λ2u2,ΛS2(ϕ, ϕ)) . (18)
This type of implicit definition is quite appropriate in our context because it does not require the introduction
of a formal Lebesgue measure on the space of invariant fields, but rather makes direct reference to the well–
defined Gaussian measure dµCk
Λ
. We however need to reintroduce the kinetic part of the action a posteriori
to obtain the effective average action at scale k:
Γk ≡ Sϕ + Γ˜k . (19)
It interpolates between the bare total action
ΓΛ = Sϕ + S
int
Λ = SΛ (20)
and the full effective action Γ0.
At the perturbative level, Γk can be computed order by order in a loop expansion, with only connected
one particle irreducible graphs contributing. In this paper, we will only consider one-loop corrections, which
amounts to expanding the action to second order in the fluctuating fields φ and φ in the right-hand-side of
equation (16). We will use the following parameterization
Γk(ϕ, ϕ) = Zkk
2u2,kS2(ϕ, ϕ) + ZkSϕ(ϕ, ϕ) + Zk
2 u4,k
2
S4(ϕ, ϕ) +RkΛ(ϕ, ϕ) , (21)
where RkΛ(ϕ, ϕ) is a sum of convergent graphs, finite Taylor remainders and higher loop contributions. u2,k
and u4,k are the one-loop dimensionless coupling constants at cut-off scale k and Zk encodes the wave-
function renormalization. In the following we will moreover denote by O(uΛn) all the terms which are
O(u2,Λku4,Λn−k) for some k ∈ {0, . . . , n}. One finds that:
Zk
2k2u2,k = Λ
2u2,Λ + 3ak,Λu4,Λ +O(uΛ2) , (22)
Zk
2u4,k = u4,Λ − bk,Λu4,Λ2 +O(uΛ3) , (23)
Zk = 1− wk,Λu4,Λ +O(uΛ2) , (24)
where ak,Λ and bk,Λ are vertex corrections, respectively generated by the graphs G
ℓ
1 and G
ℓ
2, while wk,Λ is a
wave-function correction due to the second term in the Taylor expansion of the graph Gℓ1.
We refer to [41] for details about the combinatorial factors entering this expansion and for a description
of how such amplitudes should be computed (also [25, 34] are valuable in this respect). One can show that
ak,Λ ≈
∫ k−2
Λ−2
dα
∫
dh [Kα(h)]
2 , (25)
bk,Λ ≈
∫∫ k−2
Λ−2
dα1dα2
∫∫
dh1dh2 [Kα1+α2(h1h2)]
2 , (26)
wk,Λ∆G ≈ 1
2!
∫
dg
( |Xg|2
3
∆SU(2) + |θg|2∆U(1)
)∫ k−2
Λ−2
dα
∫
dh [Kα(h)]
2Kα(hg) , (27)
where Xg ∈ SU(2) is the logarithm of the SU(2) factor of g, and similarly θg represents the angle coordinates
of the U(1) factor. The sign ≈ indicates that the short-time asymptotics of the heat-kernel is invoked to
evaluate the right-hand-sides. It is only in this limit, justified by our assumption (15), that we will obtain an
autonomous system of flow equations (see [33] for a general perspective on the non–autonomous character
of the renormalization group flow in GFTs).
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FIG. 2: First graphs contributing to the flow equations: the dashed lines represent propagators.
Solving for the wave-function normalization Zk in (23) and (22) we obtain:
k2u2,k = Λ
2u2,Λ + 3ak,Λu4,Λ +O(uΛ2) , (28)
u4,k = u4,Λ + (2wk,Λ − bk,Λ)u4,Λ2 +O(uΛ3) , (29)
which shows that the qualitative evolution of the 4-valent coupling constant u4 will be the result of a
competition between the vertex and wave-function renormalizations. Acting with the operator k ∂∂k on these
two equations, and then reexpressing the constants at scale Λ in terms of those at scale k at tree level, we
finally obtain:
β2(u2,k, u4,k) ≡ k∂u2,k
∂k
= −2u2,k + 3
k
∂ak,Λ
∂k
u4,k +O(uk2) , (30)
β4(u2,k, u4,k) ≡ k∂u4,k
∂k
=
(
2k
∂wk,Λ
∂k
− k∂bk,Λ
∂k
)
u4,k
2 +O(uk3) . (31)
Note that the first term in β2 reflects the canonical dimension of u2.
B. Estimation of the β-functions
We are now ready to evaluate the β-functions. To this effect, first notice that the heat-kernel Kα on G
factorizes as a product
∀g = (h1, h2) ∈ SU(2)×U(1) , Kα(g) = KSU(2)α (h1)KU(1)α (h2) , (32)
where K
SU(2)
α (resp. K
U(1)
α ) is the heat-kernel on SU(2) (resp. U(1)). The scale k being assumed to be large,
we can evaluate the expressions (26), (25) and (27) by means of a Laplace approximation. This consists in
the replacements:∫
SU(2)
dh
(i)
1 →
1
16π2
∫
R3
dX(i) ,∫
U(1)
dh
(i)
2 →
1
2π
∫
R
dθ(i) ,
KSU(2)α (h
(1)
1 · · ·h(n)1 ) →
2
√
π
α3/2
exp
(
−|
∑n
i=1X
(i)|2
4α
)
,
KU(1)α (h
(1)
2 · · ·h(n)2 ) →
√
π
α1/2
exp
(
−|
∑n
i=1 θ
(i)|2
4α
)
.
(33)
in integrals which are sharply peaked around the configuration {g(i) = (h(i)1 , h(i)2 ) = 1l}. This procedure
allows us to trade the group integrals for Gaussian integrals on Euclidean spaces. These can then be
7straightforwardly computed, yielding:
ak,Λ =
π
2
∫ k−2
Λ−2
dα
α2
,
bk,Λ =
π
2
∫∫ k−2
Λ−2
dα1dα2
(α1 + α2)2
,
wk,Λ =
3π
4
∫ k−2
Λ−2
dα
α
,
1
k
∂ak,Λ
∂k
= −π ,
k
∂bk,Λ
∂k
= −π 1−
k2
Λ2
1 + k
2
Λ2
≈ −π ,
k
∂wk,Λ
∂k
= −3π
2
.
(34)
It thus turns out that wave-function terms dominate over vertex contributions in β4, making it negative in
the perturbative regime: {
β2(u2, u4) = −2u2 − 3πu4 +O(u2) ,
β4(u2, u4) = −2πu42 +O(u3) .
(35)
Hence the Gaussian fixed point is UV-stable, and this model is asymptotically free. In particular, a pertur-
bative solution for u4,k can be labeled by a dynamically generated infrared scale Λ0, such that:
∀k ≫ Λ0 , u4,k = 1
2π ln
(
k
Λ0
) . (36)
Λ0 is analogous to the QCD scale ΛQCD: it is the scale around which one expects the perturbative treatment
to break down and a phase transition to occur.
IV. SMALL PERTURBATION OF THE GROUP DIMENSION
We now turn to the main purpose of this publication, which is to define an ε-interpolating between D = 3
and D = 4.
A. Analytic continuation to 4− ε group dimension
The analytic continuation of the group dimension is introduced via the U(1) factor of the group SU(2)×
U(1). The idea is to first generalize the model of the previous section to a gauge groupG(D) = SU(2)×U(1)D,
for an arbitrary D ∈ N, and then analytically continue D to 1− ε, with ε > 0 infinitesimally small.
For instance, the quantities (34) extracted from the two graphs represented in Figure 2 become:
a
(D)
k,Λ =
(π
2
)D/2−1 ∫ k−2
Λ−2
dα
αD/2
, (37)
b
(D)
k,Λ =
(π
2
)D/2−1 ∫∫ k−2
Λ−2
dα1dα2
(α1 + α2)D/2
, (38)
w
(D)
k,Λ =
3
2
(π
2
)D/2−1 ∫ k−2
Λ−2
dαα1−D/2 . (39)
These are all we need to compute the one-loop flow.
8B. Existence of a non-trivial fixed point
When D = 4− ε, the 4-valent interactions acquire a non-zero canonical dimension:
d
(4−ε)
4 = ε , (40)
while the dimension of the mass term is left unchanged. We therefore parameterize the effective average
action by:
Γ
(4−ε)
k (ϕ, ϕ) = Zkk
2u2,kS2(ϕ, ϕ) + ZkSϕ(ϕ, ϕ) + Zk
2kε
u4,k
2
S4(ϕ, ϕ) +RkΛ(ϕ, ϕ) . (41)
Repeating the construction of the previous section, we easily compute the one-loop β-functions:
β
(4−ε)
2 (u2,k, u4,k) = −2u2,k + 3kε−1
∂a
(4−ε)
k,Λ
∂k
u4,k +O(uk2) , (42)
β
(4−ε)
4 (u2,k, u4,k) = −εu4,k +
(
2k1+ε
∂w
(4−ε)
k,Λ
∂k
− k1+ε ∂b
(4−ε)
k,Λ
∂k
)
u4,k
2 +O(uk3) , (43)
where the first term in the second line is a direct consequence of the new canonical dimension of u4. The
different coefficients entering these equations are easily computed:
kε−1
∂a
(4−ε)
k,Λ
∂k
= −π1−ε , (44)
k1+ε
∂b
(4−ε)
k,Λ
∂k
= − 4
1− ε/2
(π
2
)1−ε/2( 1(
1 + ( kΛ )
2
)1−ε/2 − 121−ε/2
)
, (45)
k1+ε
∂wk,Λ
∂k
= −3
(π
2
)1−ε/2
. (46)
Thus expanding in ε one finds:{
β
(4−ε)
2 (u2, u4) = −2u2 − (3π +O(ε)) u4 +O(u2) ,
β
(4−ε)
4 (u2, u4) = −εu4 − (2π +O(ε)) u42 +O(u3) .
(47)
The flow equations (47) admit a non-trivial fixed point (u∗2, u
∗
4), at a distance of order ε away from the
Gaussian fixed point: 
u∗2 =
3
4
ε+O(ε) ,
u∗4 = −
1
2π
ε+O(ε) .
(48)
This formal fixed point is very reminiscent of the Wilson–Fisher fixed point found in ordinary (Euclidean)
quantum field theory in dimension 4− ε [42]. The main difference however is that, again due to an enhanced
role of the wave-function renormalization in TGFT, the signs of the coupling constants are reversed with
respect to the Wilson-Fisher fixed point. Hence u∗4 has the ’wrong’ sign as far as the convergence of the
path-integral is concerned. Since we are ultimately only interested in the fate of this formal fixed point in
the ε→ 1 limit, we will ignore this important aspect.
C. Properties of the non-Gaussian fixed point
In order to understand the behavior of the model in the vicinity of the non-trivial fixed point, we shall
compute the linearized flow at (u∗2, u
∗
4):
k
∂
∂k
(
δu2
δu4
)
=
(
∂β2
∂u2
∂β2
∂u4
∂β4
∂u2
∂β4
∂u4
)∣∣∣∣∣
(u∗
2
,u∗
4
)
(
δu2
δu4
)
+O(δu2) . (49)
9If we want to compute the eigenvalues of this system up to order one in ε, it appears that the quadratic
contributions to β2 are needed. At one-loop we therefore need to include: a term proportional to u2,ku4,k
produced by the wave-function correction from the graphs Gℓ1 (Figure 2a); and a term proportional to
u2,ku4,k due to the graphs G
ℓ
3 (see Figure 3). This yields the following expression for the one-loop β2:
β
(4−ε)
2 (u2,k, u4,k) = −2u2,k + 3kε−1
∂a
(4−ε)
k,Λ
∂k
u4,k +
(
k1+ε
∂w
(4−ε)
k,Λ
∂k
− 3k1+ε ∂b
(4−ε)
k,Λ
∂k
)
u2,ku4,k +O(uk3) , (50)
and hence
β
(4−ε)
2 (u2, u4) = −2u2 − 3π
(
1− ε lnπ +O(ε2))u4 + 3π
2
(1 +O(ε)) u2u4 +O(u3) . (51)
It is then easy to show that(
∂β2
∂u2
∂β2
∂u4
∂β4
∂u2
∂β4
∂u4
)∣∣∣∣∣
(u∗
2
,u∗
4
)
=
(−2− 34ε −3π(1− 38ε− ε lnπ)
0 ε
)
+O(ε2) (52)
ℓ ℓ
FIG. 3: The graph Gℓ3 produces a one-loop quadratic contribution.
At order ε and at one-loop, the non-trivial fixed point (u∗2, u
∗
4) has therefore one relevant eigendirection
Vr and one irrelevant eigendirection Vir with critical exponents θr and θir respectively:
Vr =
(
1
0
)
Vir =
(
3π
2 (1− 54ε− ε lnπ)−1
) and
 θr = 2 +
3
4
ε
θir = −ε
(53)
We deduce the qualitative features of the phase portrait of this theory, represented in Figure 4. There exists
a critical trajectory interpolating between the Gaussian fixed point and the non-Gaussian one. However the
reader should be reminded that the equations we used to determine this fixed point are valid only in the deep
ultraviolet sector. Hence one should expect a trajectory starting at (u∗2, u
∗
4) in the UV to also start moving
when reaching small enough values of the scale k. This is a manifestation of the non-autonomous nature
of the exact flow, as also recently observed in [33]. A second consequence of the presence of the non-trivial
fixed point is a focusing of the trajectories in the u2 direction towards the infrared. This suggests a scenario
in which the theory generically becomes massive in the infrared, and therefore the Laplace operators in the
kinetic term become negligible in this regime . This is particularly interesting in view of the question of
the gravitational interpretation of such derivative operators in GFT, which might simply be evaded in the
physical, small scale limit.
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FIG. 4: Qualitative phase portrait for D = 4− ε.
V. TOWARDS A UV COMPLETION OF THE SU(2) MODEL
We finally revisit, in the present language of the effective average action, the qualitative results about the
SU(2) model already obtained in the discrete context [41]. This will allow us to speculate on the existence
of a non-trivial fixed point also in this group dimension.
A. One-loop beta functions
InD = 3, two new ϕ6 coupling constants become relevant, and the ϕ4 interactions are super-renormalizable
of dimension one. The effective average action is parametrized as follows:
Γk(ϕ, ϕ) = Zkk
2u2,kS2(ϕ, ϕ) + ZkSϕ(ϕ, ϕ) + Zk
2k
u4,k
2
S4(ϕ, ϕ) (54)
+ Zk
3u6,1,k
3
S6,1(ϕ, ϕ) + Zk
3u6,2,kS6,2(ϕ, ϕ) +RkΛ(ϕ, ϕ) ,
where S6,1 and S6,2 are defined by
S6,1(ϕ, ϕ) =
∫
[dg]9 ϕ(g1, g2, g7)ϕ(g1, g2, g9)ϕ(g3, g4, g9)ϕ(g3, g4, g8)ϕ(g5, g6, g8)ϕ(g5, g6, g7) (55)
+ color permutations ,
S6,2(ϕ, ϕ) =
∫
[dg]9 ϕ(g1, g2, g3)ϕ(g1, g2, g4)ϕ(g8, g9, g4)ϕ(g7, g9, g3)ϕ(g7, g5, g6)ϕ(g8, g5, g6)
+ color permutations . (56)
The two types of combinatorial structures contributing at order 6 are represented in Figure 5.
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(6, 1) (6, 2)
FIG. 5: Bubble interactions contributing to S6,1 (left) and S6,2 (right).
Similarly to what has been done in [41], we can compute the linear contributions to β2 and β4, but
retain up to quadratic terms for the marginal coupling constants. In contrast with the discrete approach
developed in [41] (to which we refer the reader for detailed computations) we moreover restrict to one-loop
contributions, which simplifies further the analysis. One obtains:
β2(uk) = −2u2,k + 3
∂a
(3)
k,Λ
∂k
u4,k +O(uk2) , (57)
β4(uk) = −u4,k + 2
∂a
(3)
k,Λ
∂k
u6,1,k + 2
∂a
(3)
k,Λ
∂k
u6,2,k +O(uk2) , (58)
β6,1(uk) = 3k
2
(
∂w
(3)
k,Λ
∂k
− ∂b
(3)
k,Λ
∂k
)
u4,ku6,1,k +O(uk3) , (59)
β6,2(uk) = k
2
(
3
∂w
(3)
k,Λ
∂k
− 2∂b
(3)
k,Λ
∂k
)
u4,ku6,2,k +O(uk3) . (60)
The numerical evaluation of the coefficients in the regime 1≪ k ≪ Λ gives:
β2(u) = −2u2 − 3
√
2πu4 +O(u2) ≈ −2 u2 − 7.5 u4 ,
β4(u) = −u4 − 2
√
2πu6,1 − 4
√
2πu6,2 +O(u2) ≈ −u4 − 5.0 u6,1 − 10.0 u6,2 ,
β6,1(u) = −3
(
4− 5√
2
)
u4u6,1 +O(u3) ≈ −1.4 u4u6,1 ,
β6,2(u) = −
(
8− 7√
2
)
u4u6,1 +O(u3) ≈ −3.1 u4u6,2 .
(61)
B. Phase portrait
In addition to the Gaussian fixed point, the flow (61) admits non-trivial fixed points with non-zero u6,1 and
u6,2 of opposite signs, and u2 = u4 = 0. However, it is natural to expect this is nothing but a manifestation
of our crude truncation. And indeed they do not survive the inclusion of two-loop graphs, as can for instance
be seen in the discrete [41].
The perturbative result (61) is only good for a qualitative understanding of the renormalization group
flow in the vicinity of the Gaussian fixed point. One can for instance proceed along the lines of [41], and
wonder whether the theory becomes free in the deep UV. To answer this question we can discard the flow
of the mass, which still leaves us with a three-dimensional and non-linear system. It is therefore convenient
to exploit the fact that the hyperplanes {u6,1 = 0} and {u6,2 = 0} are invariant under this flow, and look
at two-dimensional reductions of the latter. For example, one can prove that the phase portrait in the
{u6,2 = 0} plane is as represented in Figure 6, and similarly for {u6,1 = 0}. In this sector, there is no
trajectory with u6,1 > 0 which is at the same time asymptotically free: they can approach the Gaussian
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fixed point arbitrarily close, but are ultimately repelled in the k → +∞ limit. More generally, one can prove
for the full system that there exists no asymptotically free trajectory with u6,1 ≥ 0, u6,2 ≥ 0 and at least
one of them non-zero.
u6,1
u4
β4 = 0
FIG. 6: Qualitative phase portrait for D = 3, in the stable u6,2 = 0 plane: we represented five typical
trajectories, with arrows pointing towards the infrared.
There still remains the possibility that trajectories with u6,1 and u6,2 of opposite signs could be made
asymptotically free without ruining the convergence of the path-integral, as already noted in [41]. But this
is a delicate question that we do not wish to address here.
For u6,1 > 0 and u6,2 > 0 the partition function is well-defined. But can such a theory be UV completed?
It could if a non-trivial fixed point were to prevent the divergence of the trajectories in the limit k → +∞.
We cannot explore this further with perturbative techniques, but let us however remark that the non-trivial
fixed point in D = 4 − ε has a negative u4, which is naively what one would look for in view of the phase
portrait of Figure 6 (and its three-dimensional analogue).
Another rather intriguing possibility if a fixed point qualitatively similar to the one found in D = 4− ε is
proven to exist also in D = 3 has to do with the bare propagator. The latter contains Laplace operators, but
this is exclusively motivated by field theory: without the Laplace operators no consistent renormalization
scheme can be implemented, as was first remarked in [48], in a slightly different but nonetheless very similar
context. There is at this stage no satisfying gravitational understanding of such terms, which is the main
reason why this SU(2) model was originally not proposed as a 3d quantum gravity model, but only as
an interesting toy-model. The hypothetical fixed point might possibly change this situation because its
presence could favor massive theories in the IR, as was already noted in D = 4− ε. If so, propagators with
derivative terms could be satisfactorily viewed as a property of the UV completed GFT, with no physical
effect in the effectively continuous region which we expect to correspond to a small spin regime (with very
many individual building blocks). There the propagator would become effectively ultra-local, and hence
easily interpretable in terms of gravity spin foam amplitudes. This would henceforth completely evade the
question of the gravitational origin of such derivative operators.
VI. CONCLUSION
Let us briefly summarize our findings. Our primary goal was to introduce a ε–expansion in the context of
3d TGFTs with gauge invariance conditions. Along the way, we noticed important similarities with ordinary
Euclidean scalar field theories. In D = 4 one obtains a renormalizable model with a single dimensionless
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ϕ4 coupling constant. The coupling constant acquires a non-zero dimension when D < 4, and an analytic
continuation allows to interpolate between D = 3 and D = 4. For D = 4 − ε and ε small, a non-trivial
fixed point is generated in the perturbative region, suggesting a qualitatively similar behavior when ε = 1.
However, in contrast to conventional quantum field theories, the ϕ4 TGFT in D = 4 is asymptotically free,
and for the same reason the coupling constants at the non–trivial fixed point in D = 4 − ε have opposite
signs with respect to the Wilson–Fisher fixed point. Also, the ϕ6 model in D = 3 has two marginal coupling
constants rather than one, which makes the analysis of the flow more complicated.
The suggestion that the non-trivial fixed point in D = 4−ε might survive in the SU(2) model (or U(1)×3)
deserves to be explored. It represents a good opportunity for further applications of the FRG to GFTs,
which would be undeniably valuable if they were available in 4d quantum gravity models. The FRG has
recently been applied to matrix models and TGFTs without gauge invariance condition [33, 49, 50], hence
we think that the D = 3 model of the present paper is the natural next step in this research direction, and it
could provide a UV completion of otherwise diverging renormalization group trajectories. We also proposed
a speculative idea towards a more physical application, would the existence of this fixed point be confirmed:
its presence might favor dynamically generated ultra-local theories in the infrared, hence possibly evading
the question of the gravitational interpretation of the bare Laplace-type propagator.
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